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AN EXACT INTERIOR EXTENSION OF A STATIC SOLUTION 
FOR AN ELECTRIC CHARGED BALL 
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We use the model approach to the description of spherical gravitating static fluid ball with an electric charge in 
general relativity. The metric is written in Bondi's coordinates. The total energy-momentum tensor (EMT) is 
chosen as a sum of the EMT of a Pascal perfect fluid and that of the electromagnetic field. An exact solution of the 
Einstein-Maxwell equations is found, extending a similar solution with parabolic mass density distribution. 



1. Introduction 

Models of electric charged stars represent special inter- 
est despite the exotic nature of the problem. The prob- 
lem of finding exact solutions of the Einstein-Maxwell 
equations does not lose its urgency. The electric charge 
is one of a few quantities which do disappear in stellar 
collapse. A difficulty of finding exact solutions is con- 
nected with the nonlinearity of the gravitational equa- 
tions. 

The Reissner-Nordstrem solution (see [1]) is an ex- 
act exterior solution of the Einstein-Maxwell equations. 
It describes the exterior field of a static charged star. 
But the problem of finding internal solutions of Einstein- 
Maxwell equations is harder. One exact solution of this 
problem is presented in [2], [3]. It describes a charged 
perfect Pascal fluid with a parabolic distribution of mass 
density, but without introducting a specific equation of 
state. 

In the present article, we present an extention of 
the model of [2], [3], connected with an extension of 
the mass and charge density distributions. A new exact 
static solution for a charged fluid ball is obtained. 

2. The metric and the Einstein- 
Maxwell equations 

We consider an interior static star model as a ball filled 
with an electrically charged fluid, using the Einstein- 
Maxwell equations. The metric is 



Fir)dt^ + 2L{r)dtdr - r'^{de^ -f sinO^dip^) (I) 



with radial (r) and angular (9, tp) variables. The vac- 
uum velocity of light is chosen to be equal to unity. 
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The interior energy-momentum tensor (EMT) is a 
sum of the perfect fluid and electromagnetic EMTs: 
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where 
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(4) 



T I fluid I . \ 
a/3 ^ {lJ-+P)UaUf3-pgap; 

and Faji is the electromagnetic field tensor 
The Einstein-Maxwell equations are 

[F/xL^){lnL)' ^x{p + tJ-); 

{F/xL^){lnL)' - {l/2L^){F" + 2F' /x - F'{lnL)') = 

^~X{P + W,i)- (5) 

(l/a;2)(-l -f (F/L2) + {xF'/L^ - xF{lnLy/L^) = 

^-x{{l^-p)/2 + Weiy, (6) 

(x^F/L)' = AnRpx^L/y/F, (7) 

where / — d/dx, x = r/R, 0<a::<l, i?is the stellar 
radius, ^J-{x) is the mass density, p{x) is the pressure. 
Wei = E'^/^ttL? is the observable electric field energy 
density, E is the electric field strength, p{x) is the 
electric charge density, x = >«: i?^ = Stt i?^ . 

After the replacement e = F/L^ and with the new 
variable 



xdx 



xdx 



(8) 



the set of the Einstein-Maxwell equations is reduced to 
the nonlinear spatial oscilartor equation 

G'l^ + ^l\ax))G = Q, (9) 

written in terms ofthe new variable C, and G = ^/F = 
Jgm- Here 
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where the function plays the role of Newton's 

gravitational potential inside the star, 



{fl{x) + Wel{x))x^dx. (11) 



The pressure can be written as 

xp=xWei-^ + ^{i-m^Fy- (12) 

In [2], [3], the mass density distribution is taken as 
parabolic function 



IJ.{x) = /Uo(l - box"^), 



(13) 



where ho = {jio - IJ.r)/ho < 1; /xo = nix = 0); Hr = 
li{x = 1). 

The energy density of the electric field is taken in 
[2], [3] by analogy to classical electrostatics: 



(14) 



with Ao = const, and electric charge density was found 
in form 

p{x) = po Vl - ^x), (15) 

where po = p{x = 0). 

If we take the mass density as the function 

fl{x)=fXo{l-bxy (16) 

and the electric field energy density as 

xWei = Xix)^x^ (17) 

with 



X{x) = (47ri?po/3)(l - 3ax^/5), 



(18) 



6=1— {fl{x = l)//Lto)^/^ = must; a = 806/63 (as an 
extension of the result of [2], [3]), we obtain an exact 
static solution of the Einstein-Maxwell equations [4] 



G{x) = Go cos(OoC(a;) + a) 



(19) 



as the solution of the harmonic spatial oscillator equa- 
tion 

G'l^ + nlG = (20) 
with the new electric charge density 



pix) = po{l - ax^)yjl-^x), (21) 



where 



a = 1- 



Pix = 1) 



const, (22) 



poJl-<^{x = 1) 



and here 



^^o = ^(1701/xoa- 17607rp^i?2). (23) 



n2 

$(x = 1) = r/o - = Tj* 



(24) 



where Q is the integral electric charge of the star; rjo = 
2m /R is the compactness of the stellar model without 
an integral electric charge, and m is the integral mass 
of charged fluid ball. 

The general expression for the metric function goo = 
F = is 



F{x) = G^ cos^{flo-C{x)+ao) 



(25) 



and the function goi = L can be found easily from L = 
{F/{1 - $))i/2. 

Here the Reissner-Nordstrem solution is the exterior 
solution. Prom the boundary conditions we have 



Go={l-v* + 



2ri* — r] 
2f2n 



1/2 



and 



tan(r2o C{x = 1) -h ao) = - 



2r?* - V 
2QoVT^' 



(26) 



(27) 



3. Summary 

This article demonstrates the Einstein-Maxwell's equa- 
tions reduction in Bondi's coordinates to the equation 
of a nonlinear spatial oscillator. The source of gravita- 
tional field is a perfect electrically charged Pascal fluid. 
The assumption on the behavior of the mass-energy den- 
sity and that of the of electric field was used here. This 
solution is an extension of the solution found earlier in 
[2], [3]. 
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